We explore the combined effects of a climate threshold (a potential ocean thermohaline circulation collapse), parameter uncertainty, and learning in an optimal economic growth model. Our analysis shows that significantly reducing carbon dioxide ðCO 2 Þ emissions may be justified to avoid or delay even small (and arguably realistic) damages from an uncertain and irreversible climate change-even when future learning about the system is considered. Parameter uncertainty about the threshold specific damages and the CO 2 level triggering a threshold can act to decrease near-term CO 2 abatements that maximize expected utility. r
Introduction
Anthropogenic emissions of carbon dioxide ðCO 2 Þ may cause significant climate change during the next century [1] -a situation prompting divergent policy recommendations. Some climate researchers have argued that CO 2 emissions should be considerably abated to avoid climate thresholds such as a collapse of the ocean thermohaline circulation (e.g., [46, 51] ). In contrast, many optimal economic growth models suggest that the tradeoff between uncertain future climate damages and certain present costs for controlling CO 2 emissions justify only low levels of
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near-term CO 2 abatement (e.g., [39, 55] ). Here we explore how this discrepancy might be explained by different assumptions and value judgments.
This disagreement about future CO 2 abatements stems partly from a difference in modeling priorities, exacerbated by the difficulty of constructing models that address the concerns of economists and climate scientists simultaneously. On the one hand, economists emphasize the need to find policies for controlling climate change that optimize the trade-off between climate damages and lost opportunities for consumption or economic growth. Economists have typically used simple coupled models of climate-economic systems with smooth relationships among climatic and economic variables [40, 55] . On the other hand, climate scientists often focus on the strongly nonlinear character of the global climate system, including thresholds and changes that are irreversible on the time scale of human civilizations (hysteresis) [3] . Economists and climate scientists recognize the importance of uncertainty in parameters, but analyzing the combined effects of uncertainty and climate thresholds in optimal growth models has been difficult since this combination can pose nearly intractable computational problems [22, 25, 36] . This paper demonstrates a methodological step towards overcoming these computational limitations, finds the optimal policy response to uncertain and sharply nonlinear climate changes, and helps to reconcile the priorities of economists and climate scientists. The results are of more than pure methodological interest; we show that surprisingly small threshold-specific damages (as low as 0.5% of gross world product, roughly two orders of magnitude smaller than the catastrophic events typically assumed in optimal growth models [9, 39] ) significantly increase optimal CO 2 abatement. Further, in a curious reversal of the perhaps intuitive effect of uncertainty if risk aversion were the dominant effect, parameter uncertainty in this example can act to decrease optimal CO 2 abatement in the near term.
We first modify an archetypical optimal growth model [39] to incorporate parameter uncertainty, learning, and a climate threshold. Specifically, we consider the example of a change in the global ocean circulation caused by anthropogenic climate change. The climatic and economic effects of such an ocean circulation change can be rather abrupt [8, 56] , and show a considerable hysteresis response [45] . Other climate thresholds (such as a potential collapse of the West Antarctic Ice sheet [42] ) are, of course, possible and could be analyzed within a similar framework. We then explore the range of possible outcomes in sensitivity studies with respect to the climate sensitivity and the threshold-specific damages. Finally, the results of the sensitivity study are used to explain the (maybe) counterintuitive results of the decision analysis under uncertainty.
The model

Model structure
We adopt the DICE94 model as described in [39] as a starting point. This model is relatively simple, impressively well documented, and has been used in numerous studies to analyze the effects of varying modeling assumptions on climate policy. The DICE model's simplicity necessarily limits its ability to represent each subsystem with high accuracy. For example, the representation of the carbon cycle in the DICE model has been extensively criticized and revised [23, 40] . One cannot take the DICE model's policy recommendations too literally, but it has repeatedly provided useful insights into the basic phenomena determining optimal policy under climate change [27, 39, 41, 54] . In the following section we briefly outline the salient features of the DICE model for this study. Nordhaus [39] provides a detailed description of the model used in this study.
The DICE model is a dynamic growth model that incorporates a simple feedback mechanism between economic activity and climate change. The objective in the model is to maximize social well-being with a particular set of decisions about investment and CO 2 abatement over time. Wellbeing is represented in the model by a flow of utility U; defined as the product of the logarithm of per capita consumption per year c; and the exogenously given population L:
UðtÞ ¼ LðtÞ ln cðtÞ ð 1Þ (see the appendix for a list of symbols). The objective is to identify a policy that maximizes the discounted sum of utility ðU Ã Þ:
which is calculated by applying a pure rate of social time preference ðrÞ of 3% per year to the flow of utility at time t from some starting point t o to an appropriate time horizon t Ã : The finite time horizon is a necessary numerical approximation to the infinite horizon optimal growth model (e.g., [27, 38] ). The nonlinearities of the integrated assessment model preclude the use of analytical solutions. We choose a time-horizon for the numerical model implementation of 470 years to minimize numerical artifacts. Using a longer time horizon does not change the results for the analyzed time horizon of 2150. In addition, extrapolations beyond the year 2150 would arguably be quite speculative.
Consumption is derived from production ðQÞ; determined by a standard production function influenced by population, capital, climate damages, and investment into CO 2 abatement. Economic activities result in CO 2 emissions into the atmosphere. A simple carbon cycle model relates CO 2 emissions to atmospheric CO 2 concentrations. In the model, a constant fraction b of carbon emissions is added to the atmospheric carbon stock M (the rest is assumed to be absorbed immediately by carbon sinks). A portion d M of the atmospheric carbon in excess of the preindustrial stock of 590 Gt is exported during each time step to the deep ocean so that the atmospheric stock evolves according to
where Dt is the length of the time step in the model and EðtÞ are the anthropogenic CO 2 emissions in Gigatons of carbon per year. The anthropogenic CO 2 emissions ðEðtÞÞ are controlled by the policy choice of CO 2 emissions abatement ðmÞ according to
where BAU are the business as usual emissions at no control (i.e., m ¼ 0), calculated from the gross world product and the carbon intensity of production. Anthropogenic CO 2 emissions increase the atmospheric CO 2 concentrations. Atmospheric CO 2 warms the earth's surface because it absorbs some of the outgoing infrared radiation and reflects
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parts of this energy back to the earth's surface. Atmospheric CO 2 behaves much like a greenhouse roof which is transparent to the incoming shortwave radiation but opaque to the outgoing infrared radiation-hence it is called a ''greenhouse gas''. Changes in greenhouse gas concentrations change the earth's energy balance. The magnitude of this change in the energy balance is typically called ''radiative forcing'' [1, p. 24] . The deviation ðTÞ of the globally averaged temperature from the preindustrial value is determined from the radiative forcing using a simple climate model. An important parameter in this climate model is the climate sensitivity ðl Ã Þ; which represents the predicted increase in equilibrium temperature for a hypothetical doubling of atmospheric CO 2 :
The economic damages caused by climate change ðDÞ are taken in the standard DICE model as a fraction of gross world product (GWP) and are a function of the temperature deviations only.
where y 1 and y 2 are model parameters. The cost of CO 2 emissions abatement TC; expressed again as a fraction of GWP, is given by
where b 1 and b 2 are model parameters. The abatement costs and climate damages are subtracted from the global output.
Modifications to the DICE model
We depart from the original DICE model structure in two ways: (i) We consider damages caused by an uncertain environmental threshold imposed by an ocean circulation change (technically known as a North Atlantic thermohaline circulation collapse, discussed below); (ii) we account for central uncertainties by formulating the model as a probabilistic optimization problem.
First, we consider a realistic environmental threshold-a potential change in the global ocean circulation [50] . At the present, warm surface currents flow towards the North Atlantic where they cool due to the heat exchange with the cooler atmosphere. The cooling of the surface waters acts to increase the water density, while the net freshwater input into the North Atlantic decreases the salt concentration which acts to decrease the water density [5] . At some point, the surface waters become dense enough that they sink and form deep waters. This deep water formation is part of global flow pattern which is sometimes referred to as the ''global conveyor belt'' [7] . Because this ocean circulation system is driven by changes in water densities caused by changes in the heat and salinity content of the water, it is also called the ''thermohaline circulation'' (THC). It is important to note that this ocean circulation system warms North Western Europe considerably by the heat transport from the low latitudes to the high latitudes [47] . Greenhouse gas emissions could cause a THC collapse by two main mechanisms [50] . First, a warmer climate would result in warmer surface waters with lower densities (and hence lower deep water formation rates). Second, warmer climates would likely increase the freshwater input into the North Atlantic, which would reduce the water densities (and again the deep water formation rates).
Ocean modeling studies suggest that the THC could change dramatically as the results of anthropogenic greenhouse gas emissions [31, 32, 49, 51, 53] . Many models suggest that the THC may collapse when the equivalent CO 2 concentration (P CO 2;e ; the concentration of CO 2 and all other greenhouse gases expressed as the concentration of CO 2 that leads to the same radiative forcing) rises above a critical value ðP CO 2;e;crit Þ [31, 51] . The P CO 2;e;crit derived by Stocker and Schmittner [51] depends on the climate sensitivity and the rate of CO 2 increase in the atmosphere. As a result, P CO 2;e;crit depends on various economic assumptions. Here we approximate previous results [24] for optimal CO 2 stabilization levels to avoid a THC collapse under a variety of climate sensitivities. These estimates are derived from the DICE model adopting the vulnerability of the THC as estimated by Stocker and Schmittner [51] , and using the preservation of the THC has an absolutely binding constraint (Fig. 1, panel A) . It is important to note that some of our ARTICLE IN PRESS and the region where the THC is intact. The line in panel A is a fit to stabilization levels (circles) calculated from the ocean model results of Stocker and Schmittner [51] in conjunction with previously estimated optimal stabilization policies in the DICE model [24] . Using an exponential function ½P CO2;e;crit ¼ a 1 þ a 2 e calculations extrapolate beyond the 2-4 C range of climate sensitivity explored by Stocker and Schmittner [51] .
A THC collapse would likely affect the global climate system (with the changes likely centered around northwestern Europe) [31, 46] , and would certainly disrupt the economic system. Potentially affected ecosystem services could be agriculture, fisheries, and the oceanic CO 2 sink [24, 56] . We represent the economic damages cause by a THC collapse by imposing a threshold-specific climate damage ðy 3 Þ for all times after the THC has collapsed in the model.
As a second change to the original DICE model [38] , we explore the effects of parameter uncertainty on a policy that maximizes the expected value of the objective function. To this end, we formulate the model as a probabilistic optimization problem. Because we use a numerical solution method, we have to approximate the continuous probability density functions by discrete subsamples. We refer to the discrete subsamples as ''States of the World''. The technical details of the subsampling procedure are discussed below.
We maximize the expected value of the total discounted utility U Ã over all states of the world, weighted by their probability. Expected utility maximization is used as a decision criterion to be consistent with previous studies [27, 39, 41] . Other decision criteria (such as minimizing the consumption loss of the worst-case scenario analogous to Loulou and Kandia [30] ) are possible and could be investigated with our model.
We focus on uncertainty in the threshold damages ðy 3 Þ and the climate sensitivity ðl Ã Þ: Tol [56] estimates the potential damages associated with a THC collapse in Western Europe between 0% and 3%. The probability distribution of the threshold-specific damages seems at this time unknown. We explore the effects of the parameter uncertainty for this value by assuming (rather arbitrarily) a uniform distribution between 0 and 3% of GWP, which results in an expected value of 1.5% of GWP. The extrapolation to the global scale might be justified as Tol's [56] damage estimate for Western Europe excludes some potential global damages caused by a THC collapse (e.g., a decrease in the natural CO 2 sinks and fishery yields [24] ). Note that even our upper estimate of the THC specific damages is much smaller than the typically assumed 30-60% of GWP for ''catastrophic'' climate damages [9, 39] .
For the parameter value of the climate sensitivity ðl Ã Þ; we rely on the analysis of Tol and deVos [57] , who estimate a mean and standard deviation of 3:6 C and 1:1 C: We furthermore approximate the probability density distribution estimated by Tol and deVos [57] as normal (Fig. 1, panel B) . The expected value of 3:6 C is within the range of 1:524:5 C range, reported by the IPCC [1] . In fact, the estimate of Tol and deVos [57] is obtained by a Bayesian data analysis using the 1.5-4:5 C range of the IPCC as prior. The range of the climate sensitivity estimated by Tol and deVos [57] exceeds the IPCC range-a fact consistent with numerous other studies. For example, Wigley et al. [62] conclude from their data analysis that the climate sensitivity ''could lie anywhere between 1:7 C and 6:4 C''. Climate sensitivities estimated from model simulations range from 0:16 C to 8:7 C [21].
Solution method
Because analytical solutions for the considered type of dynamic optimization problem are not available, they are typically formulated in specialized programming languages like GAMS and
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solved with commercially available optimization software such as MINOS [39] . MINOS uses a quasi-Newton local search algorithm that relies on symbolic partial derivatives. However, the representation of climate thresholds and hysteresis effects introduces nonsmooth gradients and local optima (discussed below), which severely limit the modified Newton algorithm and other methods based on explicit or implicit derivative information (e.g., [44] , pp. 34, 35) . The numerical problems introduced by the local optima are typically addressed by the choice of a global optimization method such as simulated annealing or a genetic algorithm [2, 59] .
To overcome the computational problems caused by the consideration of the climate threshold, we apply a global optimization algorithm, which does not rely on gradient information. Specifically, we use the differential evolution algorithm by Storn and Price [52] , augmented with a line search method. Here we give a brief summary of the method. Detailed analyses and descriptions of the numerical solution method are given elsewhere [29, 36] . The basic idea behind the differential evolution algorithm is to find a global optimum by simulating mutation and selection processes on trial vectors. The method uses an initial guess for the optimal policy and produces a number of slightly different (mutated) policies. These mutated policies are then tested with the objective function. Some of the fittest policies are then selected to yield the next generation of mutated trial vectors. The iteration of the sequential selection and mutation process can be quite successful in identifying the global optimum. In fact, our algorithm converges to basically the same solution from many different initial conditions, in contrast to many other global optimization algorithms [36] . Furthermore, our algorithm reproduces the GAMS/MINOS solution for the original DICE model (i.e., for no threshold-specific damages) very closely [29] . The solution algorithm is available from the authors upon request.
The long time horizon of 470 years used to avoid time-horizon end effects results in 94 optimization variables (47 for abatement and 47 for investment at a time step of 10 years). Identifying the global optimum in the 94-dimensional space is a nontrivial task, and we cannot rigorously prove that the reported results are global optima. However, a large number of positive tests for global optimality suggest that we have indeed identified the global optimum or at least a very close approximation to it. Performed tests include: (i) using different initial conditions [36] , (ii) increasing the number of iterations, (iii) deceasing the step-length in the line search method, (iv) increasing the mutation rate in the evolutionary algorithm, and (v) graphically inspecting the utility function along selected sections of the solution space.
Note that local optima or nonsmooth gradients can arise whenever abrupt changes or path dependency are included in an optimal growth model. For example, considering effects such as technological learning curves [34] , hysteresis effects in damages [43] , catastrophic damages [11] , or path-dependent multiple steady states [10] would likely lead to optimization problems similar to those discussed here. As illustrated below, our algorithm can handle this class of problems.
Results and discussion
Sensitivity analyses without parameter uncertainty
We use our model to analyze the response of the optimal abatement policy to a range of threshold specific damages and climate sensitivities. These sensitivity analyses assume perfect information (i.e., the parameters vary between the scenarios but are otherwise assumed to be perfectly known).
Abatement as a function of threshold-specific damages
When threshold-specific damages are low ðy 3 o0:3Þ; optimal abatement levels are very close to the original DICE model [39] , ranging from roughly 10% in the near future to plateau around 20% in about a century (Fig. 2) , and the THC collapses. At our upper bound for the estimated threshold-specific damages ðy 3 ¼ 3%Þ near-term abatement is still around 10%, but the model suggests a sharp increase in abatement in the next few decades, up to a plateau of roughly 65% approximately after 2100. For intermediate y 3 values ðy 3 E0:521:5%Þ; the near-term abatement follows the trajectory calculated for the high-damage case but decreases in the long run to a low level, similar to the optimal long-term level for the low-damage case. Such a policy delays a THC collapse for some time but fails to preserve the THC in the distant future. The optimal policy allows a thermohaline collapse in this case because investment in preserving the THC increases the total discounted utility less than consumption and/or investing in the economy. However, delaying a THC collapse as long as abatement levels (and costs) are low is worthwhile. Note that the future optimal abatement increases significantly only for medium to high damages. For very small threshold damages (e.g., y 3 below 0.3%), the near-term policy is virtually unaffected. We will return below to this important asymmetry in the optimal abatement levels with respect to threshold-specific damages.
We can understand the decision to let the THC collapse, and explore some of the difficulties of optimizing models that consider thresholds, by examining how the objective function (the total ARTICLE IN PRESS discounted utility, Eq. (2) varies as a function of abatement in a specific year (Fig. 3) . In this example, which perturbs an optimal policy for a climate sensitivity of 3:5 C and a thresholdspecific damage of 2%, the objective function increases as abatement in the year 2095 rises from zero to approximately 15% (cross) to yield a first local optimum. This local optimum is close to the solution without a threshold damage (i.e., y 3 ¼ 0%). A small increase in abatement from the local optimum decreases the objective function since the marginal costs of abatement exceed the marginal benefits of reducing climate damages and the small increase in abatement does not affect the THC over the relevant time-horizon. However, increasing abatement to a point that stabilizes P CO 2;e below the critical value (i.e., abatement levels at roughly 45%, circle in Fig. 3 ) avoids the damages of a THC collapse in the next time-step. Increasing abatement from roughly 15% to roughly 45% to avoid a THC collapse in the next time step recovers the global optimum in this case and maximizes the total discounted utility.
Abatement as a function of climate sensitivity
Adopting a different climate sensitivity changes P CO 2;e;crit ( Fig. 1) and, in turn, the optimal abatement levels. For very low climate sensitivities (e.g., l Ã ¼ 1:4 C P CO 2;e;crit is not reached in the next 150 years with or without threshold-specific damages. The increase in CO 2 causes only a small temperature increase and small climate damages, leading to relatively small optimal abatement levels (Fig. 4 , which shows results for a threshold-specific damage of 1.5%.). Adopting a median climate sensitivity ðl Ã ¼ 3:6 CÞ changes the situation considerably. The P CO 2;e;crit of roughly 805 ppmV (Fig. 1) is reached earlier and the threshold-specific damages of 1.5% justify abatement levels that preserve the THC at least for the next 100 years. For high climate sensitivities P CO 2;e;crit is even lower. For example, for a climate sensitivity of 5:6 C; the necessary P CO 2;e stabilization level is roughly 580 ppmV (Fig. 1) . Because a lower P CO 2;e threshold is reached earlier, the near-term abatement levels increase. However, to keep P CO 2;e permanently at this lower level would require more expensive abatement measures. The median THC-specific damage of 1.5% does not justify the preservation of the THC in the considered optimum growth model and abatement decreases after roughly 60 years.
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Decision analysis for uncertain parameter values
The sensitivity studies so far assume perfect information for each scenario. These sensitivity studies, while informative, give only limited guidance on which policy would be optimal over the range of possible outcomes. We explore this question by analyzing the effects of parameter uncertainty in y 3 and l Ã with a Monte Carlo simulation. Expected utility is optimized with one policy, which applies to 100 random samples of the parameter space (states of the world). Technically, we pick 100 random samples of the climate sensitivity and the threshold-specific damage assuming independent probability distributions. The optimization problem is then to identify a single policy which optimizes the sum of utilities of each state of the world. We limit our analysis to 100 samples as larger samples resulted in prohibitive computational demands. Note that this approach neglects that we are likely to learn in the future. We shall return to this important caveat below. The optimal policy with parameter uncertainty is then contrasted with the optimal policy without parameter uncertainty (i.e., one sample with the parameters at their expected values). In this example, abatement considering parameter uncertainty (Fig. 5, solid line) is lower than abatement without parameter uncertainty (Fig. 5, dashed line) . For example, optimal abatement without parameter uncertainty is roughly 38% in 2095. Considering parameter uncertainty reduces this value to roughly 29%. The decrease of optimal abatement with increasing parameter uncertainty is in contrast to the change one would perhaps expect intuitively, if risk aversion were the dominant effect. A consumer is risk averse if a certain outcome is preferred over an uncertain outcome with the same expected value. The observed effect of risk aversion is represented in our model by the logarithmic utility function (Eq. (1)), which is one of the many nonlinearities relating climate policy to the objective function. Increased uncertainty would increase optimal abatement if (i) risk aversion were the dominant nonlinearity in the model, and (ii) increased abatement would decrease the variance of the per capita consumptions across the different states of the world. The fact that increased parameter uncertainty does not cause an increase in optimal abatements indicates that these two conditions are not met in our simple model. For a more detailed discussion of this aspect, see [27, 28] .
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The decrease of optimal abatement with increasing parameter uncertainty can be explained intuitively by the threshold properties and the benefit-cost reasoning in the model. As seen in the sensitivity analyses shown in Figs. 2 and 4 , optimal abatement is high for the expected parameter values but falls off for all but one tail of the distributions. Specifically, low thermohaline circulation specific damages and high and low climate sensitivities result in lower abatement levels The solid line shows the optimal policy considering parameter uncertainty. The dashed line shows the optimal policy without parameter uncertainty (i.e., y 3 and l Ã at their expected values). The dotted line shows the optimal policy neglecting the THC threshold entirely (i.e., y 3 ¼ 0% and l Ã at the expected value). compared to a policy based on the expected parameter values. Consideration of parameter uncertainty gives more weight to the tails of the parameter distributions and results in this example in lower abatement levels. Note that although the probability weighted average of optimal abatement under certainty (Figs. 2 and 4) gives in this case an intuitive explanation for the observed effects of parameter uncertainty, it is not equivalent to the policy derived from an optimization of expected utility.
The fact that parameter uncertainty reduces the optimal abatement should not be confused with a recommendation for no action. As shown in Fig. 5 , the policy that optimizes expected utility considering the threshold (solid line) recommends considerably higher CO 2 abatement than the policy neglecting the threshold (dotted line).
Effects of future learning
The uncertainties about the natural system will likely decline in the long run because we can observe future climates [26] . We explore the effects of uncertainty and learning by analyzing three scenarios: (i) a certainty scenario, (ii) an uncertainty scenario with learning, and (iii) an uncertainty scenario without learning. In the certainty scenario, the climate sensitivity is perfectly known and equal to 3:6 C: In the uncertainty scenario with learning, the climate sensitivity is only imperfectly known in the near term but perfect knowledge of the true climate sensitivity is gained in 2085. The long period of uncertainty reflects the long-time scale Bayesian learning about the climate sensitivity takes in the model simulations of Kelly and Kolstad [26] . The parameter uncertainty about the climate sensitivity is represented by a rather coarse subsample of the estimated probability density function (Fig. 1) . We use a Latin Hypercube subsampling procedure [35] with 3 samples resulting in a low, a medium, and a high climate sensitivity of 2:4 C; 3:6 C; and 4:8 C with 25%, 50%, and 25% probability, respectively. Finally, the uncertainty scenario without learning assumes that learning does not occur within the analyzed time horizon of 150 years. (We assume a very late learning in 2185. To assume no learning at all from the observational record would arguably be unrealistic [26] .) All scenarios assume a relatively high threshold-specific damage of 3% to simplify the discussion. Note that the learning about the climate sensitivity implies also some learning about the future climate damages. This is because the climate sensitivity affects the temperature changes, which in turn affect the climate damages (Eq. (5)).
These simplified scenarios indicate that uncertainty and learning about the climate sensitivity (and in turn, about climate thresholds) might affect the near-term policy considerably (Fig. 6) . In this example, the effect of parameter uncertainty with future learning is to decrease the near-term optimal abatement relative to the situation with certainty (similar to the case of uncertainty without learning shown in Fig. 5 ). As long as the true value of the climate sensitivity is unknown (i.e., before the year 2085, indicated by the arrow in Fig. 6 ) the abatement levels with uncertainty are lower than the abatement levels under certainty and the climate sensitivity at the expected value. The optimal near-term abatement for the case of uncertainty without learning in the analyzed time-horizon is also below the policy with certainty (Fig. 6) (cf. [12] ).
The situation changes considerably, once the true states of the world are revealed in the scenario of uncertainty with learning. For a median climate sensitivity, the abatement levels increase sharply above the certainty scenario. This increase in CO 2 abatement compensates for the lower abatement levels in the past and the THC is preserved. For a low climate sensitivity, abatement levels decrease relative to the certainty case. This is because the high critical P CO 2;e levels ( Fig. 1) are not reached in the considered time horizon and the THC is not in danger. For a high climate sensitivity, the abatement levels decrease relative to the certainty case. The explanation for this perhaps counterintuitive results is that the 3% threshold-specific damage is too small to justify the relatively low P CO 2;e stabilization levels in the underlying utilitarian framework (similar to the situation depicted in Fig. 4, upper half) and the THC collapses.
We discuss the effects of uncertainty and learning on optimal CO 2 abatement in terms of the expected economic value of information (VOI) and the quasi-option value. The VOI is the increase in expected utility as information becomes available (and uncertainty decreases) [20, 33, 41] . As shown in Fig. 6 , the interplay of the irreversible climate damage of a THC collapse and future learning can affect the optimal strategy. Actions to delay this climate irreversibility beyond the time when learning occurs can increase the VOI and can carry a quasi-option value [4, 18, 19] . As discussed in [18, p. 34] , the quasi-option value is the ''expected value of future information conditional on preservation''. Preservation, in the example of the considered environmental irreversibility, would be the preservation of the THC. Delaying or avoiding a THC collapse maintains flexibility as it keeps the option open to reevaluate climate policy after the information becomes available. Excellent discussions of the concepts of the value of information and the quasi-option value can be found in [15, 16, 18] . There are two main irreversibilities in the model that affect optimal CO 2 abatement in opposite directions: (i) the climate irreversibility of a THC collapse (discussed above) and (ii) consumption forgone by unrecoverable investment in CO 2 abatement. Consider the quasi-option value associated with the environmental irreversibility. Increasing CO 2 abatement reduces the risk of the irreversible damages caused by a THC collapse and increases the quasi-option value associated with the environmental irreversibility. The environmental quasi-option value hence favors higher CO 2 abatement. Irrecoverable investments constitute a second irreversibility and give rise to a quasi-option value associated with lower CO 2 abatement [17, 27, 60] . This is because reducing CO 2 abatement reduces the risk of unrecoverable investments into CO 2 abatement and increases the quasi-option value associated with the investment irreversibility.
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The question whether uncertainty with learning acts to increase or decreases optimal CO 2 abatement in the near term relative to the case without uncertainty is a function of the relative importance of the environmental and investment irreversibilities in the specific situation. Previous analyses indicate that uncertainty and learning can either increase or decrease the optimal CO 2 abatement in the near-term [16, 17, 60] . In the specific example shown in Fig. 6 , uncertainty and learning act to decrease the optimal CO 2 abatement in the near term relative to the case without uncertainty. This result suggests that the effect of the investment irreversibility dominates the effect of the environmental irreversibility in our specific example.
Comparison to previous studies
Our study differs from previous studies of optimal CO 2 abatement mostly in the representation of the climate threshold and the effects of parameter uncertainty on optimal CO 2 abatement. Studies using an absolutely binding constraint to represent climate thresholds [14, 24, 58 ] may arrive at different policy recommendations than our study, which considers finite thresholdspecific damages. Studies using a binding constraint do not consider the option of just delaying the damage (i.e., the entire lower half of Fig. 2 would be identical and equal to the case of y 3 ¼ 0%). Further, using an absolutely binding constraint implicitly adopts an infinite threshold specific damage-arguably a questionable assumption.
We show that uncertainty about the climate sensitivity and threshold-specific climate damages acts to decrease the near term optimal abatement (and in turn carbon taxes) compared to the certainty scenario (Fig. 5) . Our results are similar to the findings of Kolstad [27] , where uncertainty and learning about smooth climate damages has the same effect. In contrast, Roughgarden and Schneider [48] conclude that uncertainty about climate damages acts to increase optimal carbon taxes. We hypothesize that this discrepancy is the result of a different decision criterion adopted by Roughgarden and Schneider [48] . Our analysis is based on expected utility maximization. In contrast, Roughgarden and Schneider [48] analyze optimal policies in various scenarios, where each scenario assumes perfect information. Optimal policy is then characterized by the probability distribution of the optimal policies for any given scenario (characterized, for example, by the mean and the median of the carbon taxes). This alternative approach has the advantage of being numerically efficient but it is unclear whether their estimated mean or the median carbon tax should be implemented (a discrepancy as large as a factor of 1.8).
Caveats
Integrated assessment models of climate change are nothing more than thinking tools to analyze the interactions between the economic and the environmental system in a highly simplified, but transparent, way. As a result, the resulting policy recommendations should be taken with a grain of salt and are subject to numerous caveats. For example, our results are conditional on the chosen decision criterion (cf. [13] ), the assumed rate of technological improvement (cf. [33] ), the (so far very uncertain) probability density function of the thresholdspecific damages, the choice of the social rate of time preference, and the representation of technological inertia (cf. [14] ).
Besides these so far unexplored sensitivities, our study could certainly be improved by more refined representations of nonmarket values [6, 39] , uncertainty and learning, or long-term discounting. For example, our assumption that the uncertainty about the THC is resolved once the climate sensitivity is perfectly known neglects the uncertain response of precipitation patterns which additionally affects the THC [50] . A second area for improvement is the simple treatment of discounting. We adopted a constant rate of social time preference ðrÞ of 3% per year from the DICE94 model [39] (which yields a monetary discount rate roughly consistent with present observations). The application of a constant discount rate to the far-distant future is problematic, as it would suggest that anything beyond a time horizon of several centuries is insignificant. Weitzman [61] , for example, suggests that the far-distant future should be discounted at the lowest possible rate, basically because the lowest possible discount rate dominates the cost-benefit analysis in an expected value sense. Newell and Pizer [37] explore this issues and estimate the effective discount rate implied by the historic record. The long-term discount rates estimated by Newell and Pizer [37] are much lower than the discount rates in our model. One interesting question is how strongly our conclusions would change if we were to adopt the more realistic discount rates suggested by Newell and Pizer [37] . One might hypothesize that the general effect of decreasing the discount rate would be to favor higher CO 2 abatement levels and the preservation of the ocean circulation. This hypothesis is based on the properties of the underlying cost-benefit analysis that compares present costs of CO 2 abatement with future benefits of decreased climate change. Lower discount rates give more weight to future events and hence justify higher investments in the present.
Conclusions
We explore the effects of uncertainty and learning about a climate threshold (an uncertain ocean thermohaline circulation collapse) in an economic optimal growth model. Our study demonstrates three important points. First, uncertain thresholds can be realistically incorporated into optimal growth models and can change the policy recommendations considerably. Second, uncertainty about the climate sensitivity and the economic damages caused by climate thresholds can act to decrease optimal CO 2 abatement in the near-term. This effect of uncertainty can occur with or without future learning. Third, and most importantly, surprisingly small and uncertain damages associated with a realistic climate threshold might well render significant reductions of future CO 2 emissions a utility-maximizing policy choice.
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